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Abstract We consider the problem of computation of the correlation functions for the z-
measures with the deformation (Jack) parameters 2 or 1/2. Such measures on partitions are
originated from the representation theory of the infinite symmetric group, and in many ways
are similar to the ensembles of Random Matrix Theory of 8 =4 or 8 = 1 symmetry types.
For a certain class of such measures we show that correlation functions can be represented
as Pfaffians including 2 x 2 matrix valued kernels, and compute these kernels explicitly.
We also give contour integral representations for correlation kernels of closely connected
measures on partitions.

Keywords Random partitions - Symmetric functions - Random Young diagrams -
Correlation functions - Pfaffian point processes

1 Introduction
1.1 Preliminaries and Formulation of the Problem

It was observed by many authors that number of problems of statistical mechanics and of
combinatorial probability can be reduced to investigation of random Young diagrams. In
particular, increasing subsequences problems, certain last-passage percolation and growth
models, random tilings are all examples of such a situation, see Baik, Deift, and Johans-
son [1], Baik and Rains [2—4], Johansson [22-24], Pridhofer and Spohn [38], Ferrari and
Prahofer [19], and references therein.

For instance, in the analysis of the polynuclear growth (PNG) model in one spatial di-
mension the relation with measures on Young diagrams arises as follows, see Ferrari and
Prihofer for a recent review [19]. Following Ferrari and Préhofer, let us describe the grow-
ing surface at time ¢ by an integer-valued height function x — h(x, t) € Z. For fixed time
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t € R, one considers the height profile x — h(x, t). The height 4, as x increases, has jumps
of height one at the discontinuity points. By definition, the dynamics of the model has a
deterministic and a stochastic part. The deterministic part is described by the condition that
the up-steps move to the left with unit speed, and the down steps move to the right with unit
speed. When a pair of up-and down steps collide, they disappear. The stochastic parts de-
scribe nucleation events (creation of up-down steps on the surface). It is assumed that once a
pair of up-down steps is created, it follows the deterministic dynamics. The main problem in
this context is to describe the fluctuations of height profile A (x, ¢) as time grows. Typically
one considers two cases of particular interest, called the PNG droplet and the flat PNG.
In both cases the investigation of i (x,t) at point x = 0 is reduced to that of the first row
of a random Young diagram. In the first situation (the PNG droplet) the relevant measure
on Young diagrams is the Poissonized Plancherel measure, and in the second situation (the
flat PNG) the relevant measure on Young diagrams can be understood as the Poissonized
Plancherel measure with Jack parameter 1/2. Note also that the Plancherel measures with
Jack parameters 2, 1/2 also appear in the analysis of the symmetrized increasing subse-
quence problems, see Baik and Rains [3], Forrester, Nagao and Rains [21].

The Plancherel measures mentioned above can be understood as limits of the z-measures
M, 9.¢ Which are probability measures on the set Y of all Young diagrams. These measures
arise in the context of the representation theory of the infinite symmetric group. Namely, let
S(00) be the infinite symmetric group whose elements are finite permutations of {1,2,...}.
Kerov, Olshanski, and Vershik [28] (see also a review paper by Olshanski [37]) constructed a
family {7 : z € C} of unitary representations of two copies G of S(c0). Such representations
were called the generalized regular representations of the infinite symmetric group. Each
representation 7, with z # 0 can be realized in the Hilbert space L*(&, u,), where & is a
compatification of S(oco) (called the space of virtual permutations), {u,} is a family of G-
quasiinvariant measures on virtual permutations, and ¢t = |z|>. Denote by x? the character of
T.. According to Kerov, Olshanski and Vershik [28], x* is a central positive definite function

on S(oo) such that, for any n =1, 2, .. ., its restriction to S(n) is
(n) x*
Z— § M (A )
Xn reYy L’Z( ) X)L(e)

Here x* denotes the irreducible character of S(n) parameterized by the Young diagram
A, and Y, is the set of all Young diagrams with n boxes. It can be shown that for every
n=1,2,..., ME") is a probability distribution on the set Y,,.

Borodin and Olshanski [6, 8, 9] considered a 3-parameter family of measures M, ./ ¢
(called z-measures) on the set of all Young diagrams Y. This family was constructed by
mixing of /\/li"j,, see Borodin and Olshanski [6] for details. Under certain conditions on
parameters, M Z/g is a probability measure on Y. Borodin and Olshanski [6] showed that
M, ¢ defines a determinantal point process, and that M ./ ¢ can be studied on the same
level as the Gaussian Unitary Ensemble of Random Matrix Theory (see, for example, Mehta
[30], Deift [17], Forrester [20] as basic references on ensembles of random matrices; for a
review of determinantal point processes see Soshnikov [41]).

As it follows from Kerov [27], Borodin and Olshanski [10] it is natural to consider a
deformation M; 7 g ¢ of M, ¢, where 6 > 0 is called the parameter of deformation (or the
Jack parameter). As it shown in Borodin and Olshanski [10], M, ¢ are in many ways
similar to log-gas (random-matrix) models with arbitrary § = 20. In particular, if 6 =2 or
0 = 1/2 one expects that M . » ¢ will lead to Pfaffian point processes, similar to ensembles
of Random Matrix Theory of 8 =4 or 8 = 1 symmetry types. Thus, it is a natural problem
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to compute the correlation functions for z-measures with the deformation parameters 6 = 2
or 1/2.
More explicitly, set

Dy(M) = {ri — 2i}.

That is, D,(}) is an infinite subset of Z corresponding to the Young diagram X, and contain-
ing infinitely many integers. Let X = (x, ..., x,) be a subset of Z consisting of n distinct
points, and define

02,226 (X) = M 72 ({AMX CDy(M)}).

The problem is to give an explicit formula for g, > ¢(X), i.e. to compute the correlation
function of M . » . Note that since M g ¢ and M_ 1,9 ¢ are related by

M 206() =M_ 92791706 (X),

it is enough to consider the z-measures with the deformation parameter 6 = 2. Defining
.2/ 2,¢ as above we do not require positivity of M > ¢.

1.2 Summary of Results
1.2.1 A Formula for the Correlation Function of M ._12¢

Theorem 3.1 gives an explicit formula for the correlation function of M_ ;> ¢. This re-
sult shows that the correlation function of M ,_;,¢ can be written as a Pfaffian of a 2 x 2
matrix valued kernel. The entries of this kernel are expressible in terms of one function,
S:.z—1.2,6(x, y), which admits a contour integral representation, see Theorem 3.1(a). Theo-
rem 3.1(b) gives a formula for S, ._; 2 ¢(x, y) in terms of the Gauss hypergeometric func-
tions.

Thus, Theorem 3.1 provides a partial solution of the problem stated in Sect. 1.1, and it is
the main result of the present paper.

1.2.2 A Contour Integral Representation for Correlation Functions of Pfaffian Schur
Measures

In fact, results of Theorem 3.1 can be obtained from a more general algebraic fact. We con-
sider measures on partitions which can be understood as Pfaffian analogues of Okounkov’s
Schur measures, and derive contour integral representations for correlation kernels in Theo-
rem 4.1. Then Theorem 3.1 is obtained by considering a specific specialization of the algebra
of symmetric functions. As it will be evident from the proof of Theorem 3.1, the correla-
tion function of M, » ¢ in the case of arbitrary parameters z, z’ cannot be deduced from
Theorem 4.1, and a different approach is needed.

1.2.3 Correlation Functions for the Plancherel Measure with the Deformation Parameter
0=2

When both z,z’ go to infinity, the z-measures with general parameter 6 > 0 have lim-
its. These limits can be understood as Plancherel measures with general parameter 6 > 0.
Theorem 7.1(a) gives the contour integral representation for the correlation kernel of the
Plancherel measure with the deformation parameter & = 2, and Theorem 7.1(b) gives a for-
mula for these correlation kernels in terms of Bessel functions.
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1.3 Remarks on Related Works
1.3.1

It is known that a number of important measures on partitions lead to determinantal point
processes. The most well-known example of measures of this type is the poissonization of
the Plancherel measure, which was considered by many researches, see Baik, Deift and Jo-
hansson [1], Borodin, Okounkov and Olshanski [7], the review articles by Deift [16], and by
van Moerbeke [31]. The z-measures (with 8 = 1) is another family of measures leading to
a determinantal point process. The fact that z-measures define a determinantal process was
first proved by Borodin and Olshanski [6]. The paper by Borodin and Olshanski [6] con-
tains an explicit computation of the correlation kernel, and shows that the correlation kernel
can be expressed through Gauss hypergeometric functions. The z-measures on partitions
were also studied in Borodin and Olshanski [8, 9], Okounkov [35], Borodin, Olshanski, and
Strahov [12]. Note that for special values of parameters z-measures turn into discrete or-
thogonal polynomial ensembles. Such ensembles are related with different exactly solvable
probabilistic models, see Borodin and Olshanski [8], and the references therein.

1.3.2

Okounkov [32] introduced a family of measures on partitions called the Schur mea-
sures. This family of measures includes the z-measures (with & = 1) and the Poissonized
Plancherel measure as special cases. Okounkov [33, 34] discusses different applications of
such measures. For relations of the Schur measures with the space of free fermions see Ok-
ounkov [32], a recent review article by Harnard and Orlov [26], and the references therein.

1.3.3

The Schur processes introduced in Okounkov and Reshetikhin [36], and the periodic Schur
measures introduced in Borodin [5] are generalizations of the Schur measures, which also
define determinantal point processes. The correlation kernels of the Schur measures, of the
Schur processes and of the periodic Schur processes have contour integral representations.
As it was demonstrated in Okounkov [33, 34], Okounkov and Reshetikhin [36], Borodin
[5] the contour integral representations for the correlation kernels have many advantages, in
particular, such representations are very convenient for the asymptotic analysis.

1.34

The class of measures considered in Sect. 4 of the present paper was first introduced by
Rains [39] in the context of symmetrized increasing subsequence problems, and in certain
sense these measures are Pfaffian analogues of Okounkov’s Schur measures. Paper by Rains
[39] also contains the idea of computation of the correlation kernels. Borodin and Rains [15],
Vuleti¢ [43] have considered different classes of measures (the Pfaffian Schur processes in
Borodin and Rains [15], and the shifted Schur processes in Vuleti¢ [43]) whose correlation
functions are expressible as Pfaffians of matrix valued kernels. It can be verified that the
results of Theorem 4.1 can be deduced from that of Theorem 3.3 in Borodin and Rains [15].
However, the author of this paper was not able to find the explicit formula for Sschur2(x, ¥)
(see Theorem 4.1) in the literature. In the present paper we give an independent proof of
Theorem 4.1.
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1.3.5

The correlation functions for measures, which are in many ways similar to the Plancherel
measures with the deformation parameters 6 = 1/2, 2, were previously computed by dif-
ferent authors, see Ferrari [18], Lemma 5.2, Sasamoto and Imamura [40], and Forrester,
Nagao, and Rains [21], Sect. 3. In particular, Ferrari [18] computes a correlation function
for the following measure on even-rows Young diagrams

7nﬁ dim A

A) =
M@) =e n! Z,

where Z, is the number of standard Young tableaux with 2n entries and even rows. The
measure just written above can be understood as the Plancherel measure with the Jack pa-
rameter 1/2. The result of Ferrari can be obtained from that of Sect. 7 of the present paper
as follows. Theorem 7.1 gives a correlation kernel for the Plansherel measure defined on
the point configurations D, (1) = {A; — 2i}. One can also define a correlation function with
point configurations D,(A) = {A; — 2i + 1, A; — 2i}, and this correlation function can be
determined from the formula in Theorem 7.1. By particle-hole involution this gives a cor-
relation function for point configurations of the form {—A} +i — 1};>;. Then the relation
M(S")(A) =M (l")()\/) enables to obtain the correlation function for the Plancherel measure

2
with the Jack parameter 6 = 1/2.
1.3.6

Special cases of the z-measures with 8 =2, 1/2 can be understood as discrete symplectic
and orthogonal ensembles. For the explanation of this relation, and for the results on corre-
lation functions of the corresponding discrete ensembles see Borodin and Strahov [14].

2 The z-Measures with the General Parameter 6 > 0

We use Macdonald [29] as a basic reference for the notations related to integer partitions
and to symmetric functions. In particular, every decomposition

A=A, 0 ) n=A i+ A+ + A,

where A; > A, > --- > ); are positive integers, is called an integer partition. We identify
integer partitions with the corresponding Young diagrams, and denote the set of all Young
diagrams by Y. The set of Young diagrams with n boxes is denoted by Y,,. Thus

Following Borodin and Olshanski [10], Sect. 1, let Mf"),g be a complex measure on Y,
defined by '

w _ nN26@ e
Mo = (), H (L, 0)H (A, 60)

where n = 1,2, ..., and where we use the following notation

(2.1)
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e 7,7/ € Cand # > 0 are parameters, the parameter ¢ is defined by
t=—

e (1), stands for the Pochhammer symbol,

I'it+n)

Op=t@+1D--t+n—-1= X0

® (2);.¢ 1s a multidimensional analogue of the Pochhammer symbol defined by

1(A)

@uo= [[ G+G=D=G-DO)=]]— G- Do),

(. j)er i=1

Here (i, j) € A stands for the box in the ith row and the jth column of the Young diagram
A, and we denote by /(1) the number of nonempty rows in the Young diagram A.

HO,0) = [] i=p+ 0, —do+1),

(@, j)er

HG.0) =[] (i-i+0,-0o+0),

(i, j)er

where A" denotes the transposed diagram.

Proposition 2.1 The following symmetry relations hold true

1
H(,0)=0"H (x’, 5), (@) = (=)™ (—g)w.

Here |A| stands for the number of boxes in the diagram .

Proof These relations follow immediately from definitions of H (A, 8) and (2); .

Proposition 2.2 We have
M, 0) = M) ()
z,7/.0 —z/60,—7'/6,1/6 :
Proof Use definition of M(")e (A), (2.1), and apply Proposition 2.1.

Proposition 2.3 We have
MY =1

reYy

Proof See Kerov [27], Borodin and Olshanski [10, 11].
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Proposition 2.4 Expression (2.1) for /\/li"z), o (M) is strictly positive for alln = 1,2, ... and
all A €Y, if and only if either z € C\ (Zf;) + Z-09) and 7' = Z, or, under the additional as-
sumption that 0 is rational, both z, 7' are real numbers lying in one of the intervals between
two consecutive numbers from the lattice 7.+ 7.6.

Proof See Borodin and Olshanski [10]. O

Clearly, if the conditions in the Proposition above are satisfied, then Miflz/,e is a probability
measure defined on Y,,, as follows from Proposition 2.3.

It is convenient to mix all measures ./\/l("), o and to define a new measure M; ./ g on
Y=YoUY,;U---.Namely, let £ € (0, 1) be an additional parameter, and set

() 0@ e
, — _ te|A| s s
M) =(1—-8)§ HO.OH0.0) (2.2)

‘We also note the relation

M 2pe0) =(1—E) s"()"M“%g;o») Al =n. (23)

Proposition 2.5 We have

Y Meoe)=1.

reY

Proof Follows immediately from Proposition 2.3. ]

If conditions on z, z’ formulated in Propositions 1.2, 1.3 in Borodin and Olshanski [10]
are satisfied, then M, 4 ¢ (A) is a probability measure on Y. We will refer to M 7 g ¢ (1)
as to the z-measure with the deformation (Jack) parameter 6.

When both z, 7' go to infinity, expression (2.1) has a limit

(n) n!o”"
ooooe(}‘) H(A,@)H/()\.,Q) (24)

called the Plancherel measure on Y, with general 6 > 0. Instead of (2.4), sometimes it is
more convenient to consider the Poissonized Plancherel measure with general 6 > 0,

[A]

2 6
— L, A
Moo ) =€ 0 2.5)

where 7 is a real parameter.

3 Main Result
Set D,(A) = {X; — 2i}. Thus D,(A) is an infinite subset of Z corresponding to the Young

diagram A containing infinitely many negative integers. Let X = (x1, ..., x,,) be a subset of
Z consisting of n pairwise distinct points, and define

0226 (X) = M2 ({AMX C D (M)}).
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If M 4. is positive definite, then it is a probability measure defined on Y, and 0 ;9 ¢ (X)
is the probability that the random point configuration Dy (A) contains the fixed n-point con-
figuration X = (xy, ..., x,). Our goal here is to prove the following

Theorem 3.1 (a) We have

0z:-126(X) =Pf [Kz.z—l,z,g (xi, xj)]zj:l ,

where the 2 x 2 matrix valued kernel, K .1, ¢(x,y), can be written as

S, . x+1,y+1) —-S,._ x+1,
Kooo126(rs ) :|: =12, y+1 2—1,2, y)j|.

_Sz,z—llf (x,y+1) Sz,z—l,Z.E (x,y)

The function S; .1 2.¢(x,y) has the following contour integral representation

% (1+ VEw) (1 + VEwn) “ (1 + 7D (1 + )

1
S.— »Y) =
eem126 00 V) = 5o (waw; — 1)
(

wi} {wa}

(wz—wl) dw1dw2

w3 —Dw?-1) wiw
where {w1}, {w,} are arbitrary simple contours satisfying the conditions

e both contours go around 0 in positive direction;

e the unit circle is contained in the interior of the contour {w,}, and in the interior of the
contour {w,}, so |lw| > 1, lwy| > 1.

o the point £~/ lies outside both contours {w;} and {w-}.

(b) The function S, ;_15¢(x,y) also can be written as

Secmtze(ry) = (1% 3 (=DF e 5 (), @) @y

k,m=1

F=z+1,—zk+x+ 155 F(—z+ L—zm+y+1; £9)
Ck+x+1) Fm+y+1)

)

where F (a, b; c; w) denotes the Gauss hypergeometric function, and ()., are the matrix
elements of the matrix Y defined by

0 -1 0 -10 -1 0 -1
1 00 0 0 0 0 0
00 0 -10 -10 -1
1 01 00 0 0 0
r—|l0o 0 0 0 0 -10 -1 | G.D)
1 01 0 1 0 0 0 -
00 0 0 0 0 0 -1
1 01 0 1 0 1 0
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That is, Y is an antisymmetric matrix whose entries are defined by the relations
TRi+1,2j4+1)=7"(Q2i,2j)=0, foranyi,j=>0,

YQi+1,2j+2)=0, for0<i<j,
Y(2i,2j+1)=—1, for0<i<j.

Remark 3.2 (1) Since £ € (0, 1), we have £/(£ —1) < 0, and the function w — F'(a, b; c; w)
is well defined on the negative semi-axis w < 0. The function F (a, b; c; w) is not defined at
c=0,—1,-2,..., but the ratio F(a, b; c; w)/I'(c) is well defined for all ¢ € C.

(2) The matrix Y appears in the study of the random matrix ensembles of 8 = 1,4 sym-
metry classes, and of their discrete analogues, see Borodin and Strahov [13], Section 6, and
also Borodin and Strahov [14], the proof of Lemma 6.1.

4 Pfaffian Schur Measures

In the case when 7' = z — 1 the measure M ._;,; can be written as a determinant, see
Proposition 6.1. This will enable us to obtain Theorem 3.1 as a corollary of a more general
algebraic fact.

Let A denote the algebra of symmetric functions. The algebra A can be considered as the
algebra of polynomials C[py, p, ...] in power sums pi, p,, .... Then it can be realized, in
different ways, as an algebra of functions, depending on a specialization of the generators py.
The elements /; and ¢; (the complete homogeneous symmetric functions and the elementary
symmetric functions) can be introduced through the generating series:

00 00 uk 0 -1
1+ thuk = exp(Zka) = (1 + Zek(—u)k> .
k=1 k=1 k=1
We define the generating series for {4} and {e;} as formal series in a complex variable u by

o0 o0
H(u):1+2hkuk, E(u):l—l—Zekuk.
k=1 k=1

The Schur function s; indexed by a Young diagram A can be introduced through the Jacobi-
Trudi formula:

55, =det[hy, i 4],

where, by convention, hg =1, h_y =h_, =--- =0, and the order of the determinant is any
number greater or equal to /(}).

By a specialization 7 of the algebra of symmetric function A we mean a homomorphism
to C.

Let 7 be an arbitrary specialization of the algebra A of symmetric functions. Introduce
the complex measure

Mschur2(A) = det [ﬂ{exj—2j+i+1}, ﬂ{exj—2j+i}], 4.1)

Schur,2

@ Springer
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where 1 < j <[(A),1<i <2I(}), and

Zschur,2 = Z det [H{ex,—2j+i+1}, ﬂ{exj—zj+i}]
reY

is assumed to be absolutely convergent. Now we prove the following

Theorem 4.1 (a) For any measure Mgchyr2 on the set Y of all Young diagrams, and for any
fixed subset X = {xy, ..., x,} of Z containing pairwise distinct points we have the following
formal series identity

D detlm{en, ajrinh wler, i}l

XCDy(A)

= ZSchur,Z Pf[KSchur,2(xi B xj)]ﬁj:l . (42)

Here the kernel Kschr (X, y) can be written as

SSchur.Z(x + 1» y + 1) _SSchur,Z(x + 1, )’)] (4 3)

Kschu »Y) =
Setur2(¥, ) |: —Sschur,2(x, y + 1) Sschur,2(X, ¥)

and the function Sschur.2(x, y) admits the following integral representation

Sschur,2(X, ¥)
1 f f dwidw, w{E(w)} w{E(w>)} (wy — wy)

:(2711')2{ o wiwy, m{Ew "} m{Ew; "} (waw, — DH(w; — D(wi = 1)’
wi w2

where t{E(w)} =1+ Y {e}w*, and where {w1}, {w,} are simple contours which both
k=1
go around 0 in positive direction, they are chosen in such a way that they do not include the

possible poles at JT{E(wl_l)}, n{E(wz_l)}, and lwi| > 1, |wy| > 1.
(b) The function Sschur.2(x, y) also admits the representation

Ssehur2(6, 1) = Y D) (D P (), 4.4)

k,m=1

where the functions ® are given by

I%n{E(w)} dw

O (x) =7 771{E(%)} g

4.5
2mi (4.5)
{w}

In the formulae just written above {w} is a simple contour which goes around 0 in positive
direction, and (). ., are the matrix elements of the matrix Y defined by (3.1).

Remark 4.2 For a specific specialization 7 of A one can investigate conditions under which
(4.2), (4.3) become numerical equalities.
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Define the correlation function of Mgchyr2 by

QSchur,Z(X) - MSchur,Z({klx - DZ()“)})

If Mschur 2 18 positive definite, then it is a probability measure defined on Y, and oscpyr,2(X)
is the probability that the random point configuration D, (A) contains the fixed n-point con-
figuration X = (xy, ..., x,,). By Theorem 4.1 we have

QSchur,2(X) = Pf[KSchur,Z(xi ) xj)]:'{jzl s

where the correlation kernel, Kschur2(x, ¥), is given by formulae (4.2), (4.3).

5 Proof of Theorem 4.1

Let X = (xy,..., x,) be a fixed subset of Z consisting of n pairwise distinct points. Let us
pick an integer N such that N > n, and such that X is a subset of {—2N, —2N +1,...}.
Define

Mschue2{AA € Y(N), X C {A; — 2i}}
MSchur,2{)‘«|)" € Y(N)}

Here Y (V) denotes the subset of Y consisting of Young diagrams with number of rows less
or equal to N. Clearly, Qé’!ﬁuryz(X ) converges to Oschur,2(X) in the statement of Theorem 4.1
as N — o0.

For a given Young diagram A from Y(N) we define[; =A; —2j,1 < j < N (if the length
I()) of the diagram A is less then N we set A;)+1 =0, ;)42 =0, ..., Ay =0). We also in-
troduce functions ¢; (1) and v; (/) on Z (where 1 <i < 2[())) by formulae ¢; () = w{e; i1},
Y () = m{e+;}, where 7 is a specialization of the algebra A of symmetric functions. With
this notation we can rewrite Qéfh)urﬁz(X ) as follows

(N)
QSchur,Z(X) =

Dty miy=—an detli (), i (l))]

Xclly,...Iy}

(N) X) =
Osehur2(X) D ohsniy=—ay detl@i (), i (1)1

5.1

where 1 <i <2N, 1 < j < N. By methods of Random Matrix Theory (see, for example,
Tracy and Widom [42], Sect. 8) we can represent Qéﬁ'ﬁunz(X ) as a Pfaffian of a 2 x 2 matrix
valued kernel. Namely, we can obtain the following Lemma

Lemma 5.1 Suppose that X and N are chosen as described above, and suppose that
oM (X) is defined by (5.1), where ¢; (1), ¥i(I) are now arbitrary functions of finite support
defined on Z, and 1 <i < N. The following identity holds true

o™ (X) =PIK™ (xi. x)I
where K™ (x, y) is a 2 x 2 matrix valued kernel defined by the formula
K™ (x, )

[ S G (M N) ™, ,(y) —Z?ff_l¢,~(x)<(M(N)>—1)i,,w,-(y)}
= OMN) () S @MW) () ]

where (M(N)); j = Y72 (6 ()W (x) = ¢ ()Y (x), 1 <i, j <2N.

@ Springer
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In our case, Lemma 5.1 (with ¢;(x) = 7w(eyyis1) and ¥;(x) = w(ey1;), where x € Z)
gives the following representation for the correlation function Qéﬁlh)ur’z(x )

(N) (N) n
OSenur2(X) =PI Koo 5 (xi, x f)],v,j=1’ (5.2)
where
) Ssemra X+ Ly+1) —Sep ,(x+1,y)
KSchur,Z('x’ y) =

_Séi\;)url('x’y_i_ 1) Sg[ci)url(x7 »)
and where the function Séﬁ,)ur,z(x, y) is defined by

2N

Semr2 (6 ) = Y wlersiy ) (M(N) ;i 7 (eysjin)-
i,j=1

In the formulae above the matrix M (N) is a 2N x 2N matrix whose matrix coefficients are
defined by the formula

+o00
(M(N))i; = Z (wexrir)T(ers ) — w(eryjr)mleny)), 1=<i,j<2N.
x=—2N
As m{e_;} =0 for k =1,2,... we can rewrite the formula for the matrix coefficients

(M(N));,; as follows

+00
(M(N))i,j = Z ((exyir)m(eny)) —mleyi)mlesjr1)), 1=<i,j<2N.

X=—00

Clearly, the matrix M (N) can be understood as the Nth principal minor of the infinite matrix
M whose matrix elements are defined by the formula

+00
(M®); ;=Y (TlexsisD)T(ers)) = Tleet )T (exsj41), 1<, . (5.3)

X=—00

Rains [39] has shown that for matrices of this type
lim (M(N))™' = (M) ;=0
N—o0

for any fixed i, j, see Lemma 2.1, (3.12), (4.23) in Rains [39]. We then deduce that the
kernel Kgchyr,2(x, y) can be written as

Scur_ X, _Scur x+1,
KsChur,z(x,y):[ Schur,2 (X, y) Schur,2 ( y)i|7

—Sschur,2 (X, ¥) Sschur,2(X, )

where

o0

Ssehur2(X, Y) = Y 7 (e ) (M™)™); 7 (eys ), (5.4)

i,j=1

and the semi-infinite matrix M is defined by (5.3).
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Matrix Kernels for Measures on Partitions 911

It is convenient to rewrite formula (5.3). Set k = x 4+ i + j. Note that k can be any
(negative or positive) integer. We have x +i =k — j,and x + j =k —i. Then (M), ; can
be rewritten as

+00
(M™), ;= Z (mw(ex—jr)m(es—i) — mlex—j)mler—iy1)), 1=i,j.

k=—00

Assoonas m{e_x} =0, fork=1,2,..., we can also represent (M*); ; as

+o00
(M™); =Y (m(erjsn)mles) — m(e Hmleit)), 1<, j.
k=1

Let ¢(z) be a formal series of the form

<,0(Z) = Z‘pnzn-

nez

It is convenient to introduce the following notation. Let [z"]¢ stand for the coefficient of z"
in ¢, and let T'¢ denote the Toeplitz semi-infinite matrix defined by ¢. The matrix elements
of T are

(Te)i i =o; .=[j*f] =L J—i ( )d_w
§0 i,j (P/—z < (0 27_”. w ‘P w w )
{w}

where {w} is an arbitrary simple contour which goes around 0 in positive direction.
With the above notation rewrite the expression for the matrix elements (M), ; as fol-
lows

+00

(M™);.; =Y (TT{E@)) st (TTHE@Nix — (TTLE@Di k1 (TT{E @)D ks
k=1

where 1 <1, j.

Up to now we have used essentially the same arguments as in Rains [39]. In what fol-
lows we show that Sschur2(x, y) (see (5.4)) admits the contour integral representation as in
Theorem 4.1.

Introduce a semi-infinite matrix D defining its matrix elements by

(D)e,m = Ok1,m — Skms1, 1<k, m.

Then we obtain
+00
(M®);,; = Z (Tr{E@Dix(D)m(TA{E@DY) jm, 1=1, ).

k,m=1

@ Springer



912 E. Strahov

Therefore, we have M = T {E(z)}D(T7{E(z)})". Note that D has the following form

0 1 o o o0 o0 o0 o
-1 0 1 0o o0 0 0 O
0 -1 0 1 o o0 0 o
o 0 -1 0 1 0O 0 O
p=| 0 0 0 -1 0 1 0 0
o o0 o0 o0 -1 0 1 0
o o0 o0 o0 O -1 0 1
o o0 o0 o0 o0 O -1 o0

This matrix has inverse, which is denoted by Y, whose explicit form is given by (3.1).
Now we can write (M*°)~! = [(T#{E)})']™" [Tn{E(z)}]*', and we obtain the fol-
lowing expression for the matrix elements of (M*°)~!

()7, = 3 ((@E@Y] ), Oen((TTE@NTY), ;. (55
k,m=1
where i, j > 1.
Lemma 5.2 For any integers j, m such that j,m > 1
: 1
—1 —r.m—j
(TH{E@NT),,, =z ]<n{E(z)})' (5.6)
Proof We need to check that
S (TAE@N™),  (THE@N),,, =8jm (5.7)
k=1
remains to be valid, if we replace ([T {E(z)}]7"); by [z"*f]( E( 57)- Note that

k 1 _ _
[Z](n{E(z)}>_0’ fork < —1,

and
(1T {E(z)}) =0, fork<-—1.

Now the left-hand side of (5.7) can be written as

00 o 1
Yz f](n{E(Z)})([Tn{E(z)}])k,m

k=1

1
—Z[zk f](n{E( )}>[z"’ “IGHE@D

k=1

—Z[ “ ,]< FG )}>[z'"’k](ﬂ{E(z)})
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= " m—n—j
_g[z ](ﬂ{E@})[Z 1T {E@))).

Taking into account the formula

[Z*1(A()B(2) = ) ["1A(@)[*"1B(2),
n=0

we obtain that ) -, [zk_-f](m)([Tn{E(z)}])k,m equals §; . O

Now we are ready to derive the contour integral representation for the kernel
Sschur,2(x, ¥). Equations (5.5), (5.6) imply formula (4.4), with &, defined by the formula

o0
. . 1
Qi (x) = [z“+’]n{E(z)}[z""]< ) k>1. (5.8)
¢ ; T{E()
It is possible to represent ®; (x) as a contour integral, see (4.5). To see this rewrite formula
(5.8) as follows

Dp(x)= Y [z"+i]7r{E(z)}[zi’k](

i=—00

)
T{E(2)} )’

where we have used the fact that the formal series (7{E(z)})~! does not contain terms of
the form a,z™",n =1, 2, .... Changing the index of the summation, and applying formulae

1A = [27"1A®R),

and
[21(A)B(2) = i [Z1A@["1B(),
we find -
Pu(x) = [z”"][%].

This formula is equivalent to (4.5). Using (4.5) we can represent Sschur,2 (¥, ¥) as follows

1 T{Ew)} T{Ew)} [ v~ (D | dwy dw,
Ss°h“"2("’y)_<zni>27§7§n{E(ﬁ>}n{E(t>}<Z 8 ) Tyt

m
wiw w
— 1772
{w} {wy} k,m=1 ! 2

where {w;}, {w,} are simple contours which go around 0 in positive direction.
The proof of Theorem 4.1 is accomplished by the following

Proposition 5.3 Assume that \wi| > 1, |lw,| > 1, and let Y be a semi-infinite matrix defined
by (3.1). Then

o (Dim wrwy (wy — wy)

whw?  (wywy — (w3 — D(w}—1)

k,m=1
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914 E. Strahov

Proof 1t is convenient to represent the sum in the left-hand side of the equation just written
above as

€L

wy

L

2

1 1 1 w3

[ wi w% w? ] T 1
w.

C ol

Using the explicit form of Y (see (3.1)) we find that this matrix product equals

1 1

1 1 1 1 1
*(————)

1 1 1 1

4 + 4.3

wlw,  whwl  wdwl  wdw]
+..
1 1 1 1 1 1
B wiwil— L wwzl——2 wwzl——
w2 w2 w3
1 1 1 1 1 1
2 1 43 1 6,5 T
wiwy 1 — = wiw, 1 —=  ww, 1 ——
wl lU] wl
_ wiwz (w2 — wy)
(wiwy = D(wi — D(w; — 1) O

6 Proof of Theorem 3.1

Proposition 6.1 We have
Mezine) =1 =6 T 6@, 2~ s

1 1
xdet[ R } 6.1)
(A —=2j+i+ DI A —2j+10)!

where 1 <i <2l(A),and 1 < j <I(}).
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Proof Using the explicit formula for H(x,2)H'(%,2) given in the proof of Lemma 3.5 in
Borodin and Olshanski [10], we rewrite (H (A, 2)H’(A,2))~! in a determinantal form

1 1 1
— = (et " . B . . s (62)
H,2)H' (A, 2) Aj—=2j+i+D R —=27+0)!
where 1 <i <2I(A), 1 < j <I(A). Then the formula in the statement of the Proposition
follows from the definition of M, 4 £ (1) (see (2.2)), and from (6.2). O

Proposition 6.2 Let 1, be the specialization of the algebra A of symmetric functions defined
by

kD —k+2)-
o) =83 & +)(Zk' +2):2 6.3)

Then the following formula holds true

2(z—1)

M ipe(M)=(1-8) 2 det[”—z{ex,—2j+i+1}, ﬂ—z{exj—2j+i}],
where 1 <i <2l(A),and 1 < j <I(}).

Proof Assume first that z = N. Then, using (6.3), we find that

ol

6.4)

c(N—k+1)(N—-—k+2)---N k(N
m=nlex} =§2 ( )

k! =5 %
Let us compute the determinant
det[”z{e)\j—zjwﬂ}, ﬂz{eA/—2j+i}],

where 1 <i <2I(A), 1 < j <I(X), and the parameter 7 equals N. Taking into account (6.4)
we find

det[rm.—n{ex;—2jti+1}, Te=n{er;—2j1i}]

_ det A‘,-—2£+i+l N »\jfZZHi N
=det)§ h—2j+iv1)t Ay —2j+i

NN +1)! (N +2)I(N +3)! N
(N=ADIN =2+ D) (N =2 +2)UN — Ay +3)
y (N +21(0) — 2N +21(%) — 1!
(N — Mgy + 2L(0) — DUN — Ay +20(0) — 1!

— gl

1 1
xdet|: — , — ]

This equation can be further rewritten as follows
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916 E. Strahov

det[m.—nfes, —2ji1} Temnler,—2j1i}]

LX)
— gl H(_N —2i42);, (=N —1-2i +2),,
i=1

1
Xdet[ ; ; ) N N ]7
A =2j4+i+D (A —2j4+0)!

where 1 <i <2/(1),and 1 < j <I(A). As soon as (z),.2 = [[\"] (z — 2i +2),,, we see that

the equation

det[7_{es; —2j4i1} {er; 274}

1 1
— sl s,
=5l 1)*det[(x_j—2j+i+1)!’(Aj—2j+i)!] (6:3)

holds true when z = N. By an analytic continuation, (6.5) also holds true for an arbitrary

complex z. Comparing (6.1) and (6.5) we obtain the formula in the statement of the Propo-
sition. d

Now we are ready to complete the proof of Theorem 3.1. Proposition 6.2 implies that
Mschur,2 18 Teduced to M . > . when the specialization 7 in the definition of Mschyr,2 iS
m_,. Therefore, the correlation function of M, ,_;, ¢ can be obtained from Theorem 4.1.
We only need to compute 7_,{E(w)}, and n_Z{E(i)}. When 7 = mr,, where 7, is the spe-
cialization of the algebra A of symmetric functions defined by (6.3), we find

TAEW)} =) (—1)" o Jewy = (1 + VEwy, (6.6)

n!
n=0

172

provided that the condition |w| < £~/ is satisfied. We also obtain

PSS ) (). e

where it is assumed that |w| > £'/2. If £'/2 < |w| < £~!/2 both (6.6) and (6.7) hold true. As
0 < & < 1, we can choose the contours {w;}, {w,} as in Theorem 4.1, with the additional
requirement that £~1/2 lies outside both contours {w;} and {w,}. This gives formulae in
Theorem 3.1(a).

With the choice of the contour {w} as in the statement of Theorem 3.1, the formula for
the function ®;(x) (see (4.5)) takes the form

1 _ JENC dw
Dy (x) = %f(l +VEw) (1 + 7) e
{w}
The integral in the right-hand side of the formula above can be computed, and the function
@, (x) can be expressed as
F=z+1,—zk+x+1; £5)
Lk +x41)

Dp(x) = (—DFET (1= £)*(2)ign

’
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where F(a, b; c; u) denotes the Gauss hypergeometric function. Equation (4.4) gives the
representation for the function S, ;_; > ¢ (x, ¥) as in Theorem 3.1(b).

7 The Pfaffian Process Defined by the Plancherel Measure with the Jack Parameter
6=2

Theorem 7.1 (a) For My 02,y defined by (2.5) the point configurations Dy(X) = {A; —
2i}2, C Z form a Pfaffian point process. This means that the correlation function 0co 00,2,y
of Mo, 00,2,y defined by

Qo0.00.2.1 = Moo,c0 2. ({A1X C D2 (M)}),

(where X = (xy,...,x,) is any fixed subset of 7 consisting of n distinct points) can be
represented as a Pfaffian of a 2 x 2 matrix valued kernel. Namely,

000,002, = Pf[Koo,oo,Z,r](xis xj)]ﬁj:] s

where

Soccorn@ + Ly +1) —Seoon,(x+1, y)}

Koo002.(x, y) =
00,00,2,1 |: —Soo,oo.Z,n(x’y+1) Sm.m,z,n(x,y)

and

1 dw]de _ _
Seo.00.2.7(X, ¥) = @i % % wiw) exp[ﬁﬂ(wl —wi +wy — w; l)]
{w1} {wa}

(wy —wy)
x )
(wiwy — D(wf — H(w3 — 1)

Here {w,}, {w,} are simple contours which both go around 0 in positive direction, and they
are chosen in such a way that (w,| > 1, |wy| > 1.
(b) The function Seo 0.2,(X, y) can be written as

Soc002 (6 ) = Y Jia V2N (i I (2321,

k,m=1
where Y is defined by (3.1), and where J,(x) is the Bessel function, see Ref. [25],7.2.4.

Proof Consider the specialization rrécﬁ") of the algebra A of symmetric functions defined

by
. k=1,
”éoﬁn)(”"):{g k=2,3,.... 1

In this specialization we have

2 k
7 e} = _(\/I;ﬂ)

. and 7Y{Ew)} =exp (V2nw). (7.2)
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918 E. Strahov

Next observe that Mg is reduced to Mo 0,2, if the specialization 7 in the definition

of Mgchur,2 coincides with the specialization mﬁoﬁn). This follows from (4.1), and from the

fact that

M 5 (L) o det|: (/2m)hi2i+i+ (*/E'I)kfz”"]
00,00,2,1 = |

A =2j4+i+ DI —2j+0)!

where 1 <i <2I(}), 1 < j <I(}). We then conclude that the formula for @pjancherel, 2 Must

have the same form as that for ogchyr2- As T = nlgfﬁfﬁerd we check (taking into account (7.2))

that the formulae obtained in Theorem 4.1 are reduced to the formulae in the statement of
Theorem 7.1. O
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